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Abstract 

We study scattering of noncommutative solitons in 2 + 1 dimensional scalar field 
theory. In particular, we investigate a system of two solitons with level n and n' (the 
(n, n')-system) in the large noncommutativity limit. We show that the scattering of 
a general (n, n')-system occurs at right angles in the case of zero impact parameter. 
We also derive an exact Kahler potential and the metric of the moduli space of the 
(n, l)-system. We examine numerically the (n, 1) scattering and find that the closest 
distance for a fixed scattering angle is well approximated by a function where 
a and b are some numerical constants. 



It has been recognized that noncommutative field theory is interesting because it 
has various non-trivial solitons 0, [31, |, |5|, |5[] which include those do not appear in 
commutative theories. The noncommutative soliton in 2 + 1 dimensional scalar field 
theory [§, [7], |], || is one of important examples. Noncommutative field theory arises 



also in open string theory with a i?-field background [10, 11]; the effective field theory 



on D-branes becomes noncommutative. Noncommutative solitons of such field theory 



can be identified with various D-brane confugurations [12, 13, 14, 15, g. For example, 
one may use tachyonic noncommutative solitons to construct lower dimensional D-branes 
from unstable higher dimensional D-branes in the effective field theoretic description of 
open string field theory |13| . In order to study dynamical aspects of D-branes, scattering 



of noncommutative solitons |T6[ would play an important role. Recently, a systematic 



construction of a multi-soliton solution was proposed [|17], |18| . In these works, the level 
one multi-soliton solutions and finite 9 correction have been explored. Here, a level one 
soliton is a radially symmetric Gaussian lump solution. 

In this letter, we will study scattering of noncommutative solitons with higher levels in 
the limit of the large noncommutativity(# — > oo). In particular, we will consider a system 
which contains two solitons with level n and n', respectively. A "level n" soliton means n 
coincident level one solitons. We call this system the (n, n')-system. We investigate the 
Kahler potential and metric of the moduli space of the (n, n')-system. In this work, using 
the expansion around the origin of the moduli space, we will show that the scattering of 
the (n, n')-system occurs at right angles in the case of zero impact parameter. We next 
derive an exact Kahler potential and the metric of the moduli space of the (n, l)-system. 
Using this metric we investigate some global aspects of the moduli space. We calculate 
numerically the scattering angle for the (n, l)-system as a function of the closest distance 
and find that the closest distance is well approximated by a function a + b^fn (a and b 
are some constants) for a fixed scattering angle. 

We begin with real scalar field theory on 2 + 1 dimensional noncommutative spacetime 
with coordinates (t,x,y). It has spatial noncommutativity such as 

[x,y]=i6. (1) 
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The action is 

1 



S=- dtd 2 x{-(d ll( j ) y + V( ( j ) )\, (2) 



2 

where fields multiplication are defined by using the star product 
Oi*</> 2 ) (a;,?/) = exp (^9(d^d m -d m d£ 2 )\ fafa, r/i)0 2 (6, V2) 



■ (3) 

fi=6=a, m=m=y 



For simplicity, we assume that the potential function V has only one local minimum at 
= A other than = 0, and V^O) = 0. In the following, we will only consider the case 
of the large noncommutativity limit, 9 — > 00. Rescaling x, y — > y/9x, \f0~y, the action is 
dominated by the potential term so that the static field equation becomes 

dV 

W W=0. (4) 

One class of solutions to this equation can be constructed by using a function which 
satisfies the condition 

Oo*0o)(£,y) = <l>o(x,y). (5) 

A solution to eq.(|j) is given by A0o(^ ; y)0- A function <ft(x,y) on the noncommutative 
plane can be mapped to an operator $(£, y) acting on the Hilbert space TC of one particle 
on the line. The relation between <j)(x,y) and y) is given by using the Weyl-Moyal 
correspondence: 

*M) = J ^{k)e-^ +k *y\ (6) 



4>{k) = J (Px<l>(x,y)e i V s '* +k * v \ (7) 

With this correspondence, the energy of a solution can be written as 

E[(j>\ = 9 J d 2 xV((j)) = 2tt6Tt h (V '($)). (8) 

This formula tells us that if we find a solution $, then another solution which has the 
same energy can be obtained by acting a unitary operator U on $ as U<&W . 

An operator which satisfies the condition fl5|) is a projection operator. Thus the most 
general solution of this class can be written using a set of orthogonal projection operators 

{Pi}'- 

X{P l + P 2 + •••)■ (9) 
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Taking a = -^=(x + iy) and a) = -j^{x — iy), the Hilbert space can be regarded as the 
Fock space of a harmonic oscillator. Any projection operator can be written by the Fock 
basis {|^)}. A rank k projection operator can always be written in the form 

U( |0)(0| + |1)(1| + • • • + \k - l)(k - 1| )U ] . (10) 

A diagonal projection operator |n)(n| corresponds to a radially symmetric configuration, 
because it has the same number of creation and annihilation operators and a^a w r 2 /2, 
where r 2 = x 2 +y 2 . The most basic solution is A|0)(0|, which corresponds to the Gaussian 
lump configuration centered at the origin. More generally, a field configuration (p n (x,y) 
which corresponds to |n)(n| is 

M^y) = 2(-l) n e- r2 L n (2r 2 ), (11) 

where L n is the n-th Laguerre polynomial. If U = 1, the projection operator corresponds 
to a radially symmetric configuration centered at the origin whose width is ~ y/n. If 
U is a translation operator; U{z) = e za1 ~ za where z = -^{x + iy), the corresponding 
field configuration has the same profile but centered at (x,y) 0. A rank k projection 
operator is called a level k soliton in , but in this letter we define a level k soliton at z 
as a projection operator onto a subspace spanned by {U(z)\0), U(z)\l), . . . , U(z)\k — 1)}. 
This can be shown to be equivalent to k coincident level 1 solitons by the coordinate 
transformation in [17]. 



The solution for a system of k level 1 solitons |L7|, 18] each centered at Zi (i — 1, . . . , A;) 



on the complex z-plane can be constructed using coherent states 

\zi) = U(zi)\Q) = e-5NV* at |0), Ufa) = e z ^-~ z * a , (12) 

and is given as 

H> = \\z i )G*(z j \, (13) 

or equivalently, 

4>(z) = A • 2G ij G ]i e- 2{z - z ^ z - Zl) . (14) 
Here Gij is the n x n hermitian matrix 

Gij = (zi\ Zj ) = e -3W 2 -§l*il 2 +^J, (15) 



and G l i is its inverse such that G d Gij = 5j. The moduli space of this solution is 
parametrized by Zj. Its metric can be obtained by 

9i 3 = / d 2 xd i( f>d 3 (f) = ^TrfoQap] (16) 

which comes from the time derivative term in the action when we regard z% depending 
(slowly) on time t [0, The metric ([16]) may also be expressed as 



g i5 = G lJ (zj | a0 ± a) \ z { ) , (17) 

where <ft± = 1 — \zi)G lm (z m \ and there is no summation over i and j. This moduli space 
has a Kahler structure and the Kahler potential is given by the formula 

k 



K = In (^exp (j2\zi\ 2 ^J ■ det G^j = lndet(e 2 ^ 



This Kahler potential has coordinate singularities when two or more Zi's coincide. These 
singularities of Kahler potential would appear as conical singularities of the metric. These 
conical singularities have been explicitly examined in the case of k = 2 and k = 3 at the 
origin of the respective moduli space. For example, in the case of k = 2 {z\ ^ Z2), the 
metric is given as fl6| 



d 2 s=^f(r)(dr 2 + r 2 d6 2 ), 

^ = " th ^-S5P&- (19) 



where we have taken Z\ = —z 2 = re l9 /2\/2 so that the relative distance between two 
level 1 solitons is r. f(r) behaves ~ r 2 as r — > 0, so if we take new coordinates p = r 2 
and 9 = 26, the metric becomes a flat one near the origin: ds 2 oc dp 2 + p 2 d9 2 . Thus a 
soliton coming from 6 = will pass through the origin (and the other soliton) smoothly 
and go in the direction of 9 = it, i.e. 6 = tt/2. That is, the scattering of two level 1 
solitons occurs at right angles. It is difficult to see the conical singularities explicitly in 
the Kahler metric (or potential) and to determine the deficit angle for higher k or for a 
solution which contains higher level solitons, because the Kahler potential and metric is 
so complicated. The only exception is the case of scattering of two level n solitons and it 
was conjectured in fl6| that the scattering occurs also at right angles. 



Now we will explore the locus of coincidence in the moduli space of a (n, n')-system 
by expanding a Kahler metric around the origin of the moduli space of a multi-soliton 
solution which consists of k level 1 solitons. 



A Kahler potential for the moduli space of the k soliton solution is given by (18 



Using the translational invariance of the theory, we can set the center of mass position 
c = | J2i=i z i simply at the origin. Let yi be the relative coordinates Z{ — c, then we have 



K = lndet(e^)- 

Expanding the exponentials in the determinant, we obtain 

1 ^ 1 



det(e^) 



k\ 



E 



mi,...,m k 



=0 mi! ...m k \ 



F m (y)\' 



where 



F m (y) 



mi 

Vi 



mi 



Vk 



mi, 

Vk 



m 



mi, 



,m k ). 



For 5 = (0, 1, 



k — 1), F$(y) becomes the Vandermonde determinant 
Fs(v) = Tl(Vi-V j ). 

i>j 



(20) 



(21) 



(22) 



(23) 



F m (y) is non-zero for < mi < ni2 < . . . < vn k . 

Let fi = m — 5 = (fi±, . . . , Hk) (0 < \i\ < Hi < . . . < fi k )- Then F m (y) can be expressed 

as 

F m (y) = SMF s (y), (24) 

where S^y) is a symmetric polynomial in yj of degree Sf =1 //j and known as the Schur 
function [T2IJ]. It is defined for a partition of J^if^i- So we may specify a Schur function 
with a partition instead of fi: for example, iS^o,...^,].) = 5*1, S , (o,...,o,i,i,2) = ^.l.ij etc- Their 
explicit examples are given as follows: 



Si = ei, 



5 2 = 

5 3 = 

5*4 — 
5*2,2 



e2, Si, 



e2, 



el - 2eie 2 + e 3 , S 2 ,i = e x e 2 - e 3 , Si X 



e 3 , 



e\ - 3e 2 ej + 2e 3 ei + e\ - e 4 , S : 



3,1 



e 2 e! 



e 3 ei + e 4 , 



e 2 - e 3 ei, 5*2,1,1 = e 3 ei - e 4 , S*i,i,i,i = e 4 , 



where e m denotes the m-th elementary symmetric polynomial: 



E Vh ' ' ' Vim 1 



(25) 



ii<---<i m 

Suppose that all of are small, the Kahler potential K = lndet(e 5i% ) can be rewritten 

as 



K = In 



E 



\0<W<-<ft 



,/xi!(/x 2 + l)!...(/i fc + fc- 1)! 



- ln {( 1 + ^' 2 + ^TT) 



\S2? + 



1 



(fc- l)fc 



^(y)| 2 |F 5 



|5 1>1 | 2 + ... 



= E 



ln(l!...(A:-l)!) 
(_l)m-i 



m=l 



ml 



G m + lnni^-%f-ln(l!...(A;-l)!), 

i<j 



(26) 



where 
G 



k lSll2+ k(k + l) 



+ 



+ 



1 



fc(fc + l)(fc + 2) 
1 



l^3| 2 + 



(fc- l)fc 



|5 



1,1 



1 



(A; - l)k(k + 1) 



l^2,l| 2 + 



1 



A;(A; + l)(A; + 2)(A; + 3) 

+ " 7T7~71 . .J ^2, 2 | 2 + 



l^4| 2 + 



(A; - + l)(fc + 2) 

1 



(k-2)(k-l)k 



(k-2)(k-l)k(k + l) 
\S ltW \ 2 + ■ ■ ■ . 



\S: 



2,1,1 



(27) 



(A; - l)k(k + 1) 
1 

+ (A: — 3)(A: - 2)(A: — 

Because we are working in the center of mass system, we have e 1 = J2iUi = 0, 5*2 = — e 2 , 
5*1,1 = e 2 and so on. Thus G can be simplified. Furthermore, note that e m can be rewritten 
by p m = Z)i=i e -S- e i = Pi? e 2 = — 1^2 + |Pi- Finally, we get the following expression 
for K: 

K 



X:in|^-y J | 2 -ln(l!...(A;-l)!) + 2(A;2 1 _ i) 



P2? + 



k 



3(A; 2 -4)(P - 1) 



\P3 



+ 
+ 



(k - i)k(k + 2)(k + 3) 
2 

(fc-3)(fc-2)fc(fc + l) 



1 2 1 2 

gP 2 + S P4 
1 2 1 2 

8^ 2 - 4 P4 



A: 2 



16(A; 2 - 1) 2 A; 2 



P2 



+ 



(28) 



The first term in the above expression will diverge when some of yi are coincident, but 
this divergence can be removed by the Jacobian of the coordinate transformation |T7] . 



Let us briefly recall how this can be achieved. For instance, when n of Z{ coincide at 
z = c + w, we should redefine the basis from {e z,at |0) }»=i,--.,fc to 

{T,( V ~ 1 Ue Zaat \0)\ and {e z ^ \0)} j=n+ i,...,k, (29) 

Va=l ) b=l,...,n 

where V a i = (z a — z)^ 1 = (y a — w) 6-1 . The new basis vectors for b — 1, . . . , n become 

Jffi^e^lO), (6=l,...,n) (30) 

as z a — z = y a — w — > 0. It corresponds to the merging process of n level 1 solitons into a 
single level n soliton. This coordinate transformation changes the Kahler potential from 
K to 

K' = K + ln(det(y~ 1 )* det(y~ 1 )) = K - £ In \y a - y h \\ (31) 

a<b 



in this limit. Here we have used eq. Q2"3]) . K and K' are equivalent and give the same 
metric. Thus the singular terms in K could be removed by this coordinate transformation. 
This procedure is further applicable to the remaining Zj (j = n + 1, . . . , k) repeatedly. 
Therefore, we can get a expansion of a Kahler potential corresponding to an arbitrary 
level- (ni, n-ii ■ ■ .) soliton solution (ni + n 2 + ■ ■ ■ = k) in the locus of coincidence from 
eq-©- 

Now we can explore how the scattering of one level n soliton and one level n' soliton 
is (n + n' = k). We call this system the (n, n') -system. We will take y± — ■ ■ ■ — y n — 
n'y/k, y n+ i = ■ ■ ■ = yk = —ny/k, such that the relative distance is always r = \/2|y|. 



Then eq.(pl|) becomes 



. n 2 n' 2 4 n 2 n' 2 (n — n') 2 
K = ^7To TTTo M + 



2(P-l)P |y| 3(k 2 -4)(P - l)k 31 ^ 

+ n 2 n> 2 c 8 (k,n) 

4(fc 2 -9)(fc 2 -4)(fc 2 ~l) 2 k iWl ' 1 ; 

where, 

c 8 (k, n) = k 6 - 10fc 5 n + 34fc 4 n 2 + I0k 3 n - k 2 - A<6k 2 n 2 + 25k 2 m 4 + 72kn 3 - 36k A . (33) 
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Then we get the Kahler metric by g y y = d y dyK'; 



This behavior is the same as the case of the (l,l)-system as we have seen in eq.(|T^). So 
we conclude that the scattering of the (n, n')-system occurs at right angles in the center 
of mass system when the impact parameter is zero. 

This behavior of the (n, n') scattering can be explicitly examined by the Kahler po- 
tential using new basis. If we take k linearly independent (not necessarily orthogonal) 
basis vectors which span a subspace of H, the rank k projection operator onto this 

subspace is given by |17[ |1| 

P= 1^)0(^1 (35) 
Here, is the inverse matrix of the k x k hermitian matrix 

Kj = (ipil^j), (36) 

so that h lk hkj = 5]. If the k basis vectors {I'j/'i)} holomorphically depend on complex 
parameters z a , a natural metric on the moduli space is 

g ai = Ti[d a Pd- b P], (37) 

and a Kahler potential which gives this metric is given by [] 

X = lndet(/iy). (38) 



9ab = 77~V? / d 2 xd a <pd- b <f). (39) 



The above metric is the same one as the physical metric 

2ttA2 

up to a overall constant. 

Now take the k = n + n' basis vectors as 

= {e wiai \0), ah wiaf \0), a tn_1 e wiat |0), 

e W2at \0), a<e W2ai \0), a tn '~V 2at |0) 

: R^ Q t i°>U,,v ' ( 4 °) 

For the k level 1 solitons, if we define \<ipi) = e^fjO) (i = l,...,k) as m 

ref.[0 

which is differ from 

\zi) in eq. (|l2|) by the normalization factor, then eq.(|3S|) gives the same result as eq.(|l8|). 



with 



Zi — ■ ■ ■ — Z n — Wi, Z n+ i — ■ ■ ■ — z k — w 2 , 

( i — 1, 1 < i < n, , s 

ni ~\i-n-l, n + l<i<k. { } 

For this basis, the inner product matrix is expressed as follows: 

I — n j~ n i T ( n j ~ n i) ( — \ Z-Z- ^ 

U _ /,/, LI, \ _ ) n i- z i L m [~ Z i Z j) ' e ' J ) <nj, , , 



Here, is the Laguerre polynomial: 



n 



4«) W= g(-i r ^+^. (43) 

From the Weyl-Moyal correspondence, we obtain the solution of the (n, n')-system as 

</>{z) = Xtfifajiz), (44) 

where <f>%j(z) is a field configuration corresponding to ■ This is given by the 

Weyl-Moyal correspondence: 



'''''' '' 1 (-p nj \(2z - z^'-^dj n '\{2z - Zj){2z - z^) ■ <pOi P rij < n 



(-)^n t \(2z - z^- n >L& ni \(2z - z 3 )(2z - z t )) ■ <f, 0ij , n t < n 



" (45) 

n • <~ n 



Here, ^>q^{z) = 2e Z: > Zi e~ 2( - z ~ Z: >^ z ~ Zi \ Fig.p] is an example of a field configuration for a 
(n, n')-system plotted by using the above formulae. 

In the case of the (n, l)-system, the Kahler potential can be calculated as follows. Let 
us change the basis from to 

ft) = U( Zi )\m) (i = l,...,k), U(zi) = e**-**, (46) 

where \rij) are the Fock basis, Zj and rij are the same as (41). The matrix can be 
re-expressed with the kx k matrices Bij = (ip%\ipj) and ^ = (ipi\ipj) which have structures 
simpler than h; 

hij = (il>i\i>j) = &i$i)h lm $ m \'ij> j ) = B*~h lm B mj = (B^B)^. (47) 
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Figure 1: An example of the (n, n')-systems. This is a (3,2)-system plotted by using the 
exact solution for a (n, n')-system in case of r = 6. 



Here, we have introduced the inverse matrix of such that h hij = 5*. The second 
equality in eq.(f47D holds because {iV'i}} an d {iV'i}} span the same subspace of 7i and 
\i>i)h lrn (if) m \ is the identity operator in this subspace. With the relation, we have 

det B* det B 



det h 

From fllPf ) and (^6|), Bij is given by 



det h 



(46 



Baa 



'mie 2 



sl**!^**^- - z^-^L^ %) (-^(^- - *•)), < Mi- 



ni < n 3 -, 



(49) 



For the (n, l)-system, note that Z{ = zj = w\ < n) and L^(0) = Then we 

obtain 



B 



o 

Vc 3 w 2 C 3 w\C z 



(V^r 2 ^ (w 2 - Wl )c 2 
2i("- i )wr 3 c 1 



(u>2— /m 



(to 2 -uii) n 1 ^ 
'1 ; — *- / 2 

c 4 / 



(50) 



where C x = C 2 = e^M 1 



+W\W2 



C 3 = e -5M 2 +<^i 5 c A = e> 2 \\ Noting 
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U(zi)a) = {a) — Zi)U(zi), hij can be written for the (n, l)-system as 
/ 1 



1 









G\2 \ 
(lV 2 - Wl)Gl2 

(W'2 — till) 2 y~i 



(w 2 -wi) r ' 



G 2l {w 2 -w l )G 2l ^_|iL G21 ... 



G,i 1 



-G 



12 



(51) 



where G 12 = (w^il^), C 2 i = (ii> 2 |i0i). From these matrix forms, we can easily calculate 
their determinants: 



'n-l 



det£ 



det h 



J] Vri. e 1 - e -l— 2 I £ 



2 ^ |Wl - W 2 



2m N 



\m=0 



m=0 



m! 



^ 77?' 
m=0 " L - 



1 2m 



(52) 
(53) 



From eqs. (|48|) , (]52f) and (^), the determinant of /i or the Kahler potential is determined 
as follows; 

K = n\ Wl \ 2 + \w 2 \ 2 + In ( 1 - e-l*" 2 l 2 ]T |Wl ~ ^"" i + In (ff ml) 

V m=0 m - / Vm=0 / 

= -^TM 2 + ln(l-e^ 2 E 

\ m=0 



n-l L.|2m\ /n-l \ 

1/1 *+ln (l[m\) 

\m=0 / 



(54) 



In the second line, we have set wi = y/(n + 1), 7i? 2 = —nyjin + 1). The Kahler metric 
can be calculated from this as 



9yy ^y^y^ 



n 



+ 



M 2C 



n-l) 



n + l (n - 1)\ Q(\y\ 2 ) 



n - \y\ : 



\y\ 



2n p -\yf 



(n-l)!Q(|y| 2 ) 



(55) 



where 



n— 1 ^,m 



m=0 



(56) 



We introduce coordinates (r, 9) by y = re ie /y2 as before. The metric becomes ds 2 
f(r)(dr 2 + r 2 d6 2 ), where 



f(r) 



1 f n (r 2 /2) n - 1 e" r2 / 2 



2/O^n .-r-2/2 



+ 



n 



r 2 (r 2 /2)" e 



2 [n+l (n- 1)! g(r 2 /2) V 2 (n - 1)! Q(r 2 /2) 



(57) 
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4 



Figure 2: The scattering angle for (n, l)-systems. The curves indicate the case of n = 
1, 2, 3, 4, 5, 6 (from left to right in the graph) respectively. 

Expanding this around r ~ 0, we get 

d ° 2 " WTm^) r ' {dr2 + r2dn (58) 

This indeed agrees with the result (0). When the relative distance r between the level 
n soliton and the level 1 soliton is very large, Q(r 2 /2) goes to 1. Immediate consequence 
of this fact is that the Kahler potential (|54"D behave as K ~ n\y\ 2 /(n + 1) and thus the 
metric goes to a flat one in this limit; 

ds 2 « , n . (dr 2 + r 2 d6 2 ) . (59) 
2(n + 1) 

That is, two solitons do not affect each other when they are remote. This is the same as 
the case of the (l,l)-system. 

Let us consider the (n, 1) scattering more. Using the above f(r), we can calculate 
numerically the scattering angle in case that the impact parameter is nonzero. The 
scattering angle # e xt is given by the formula [IB| 



e ,t = -2 / ; (60) 



CO 



^{s 2 f(s)/r 2 f(r ))-l 



where r is the closest distance and related to the impact parameter b by b = r y / (ro) . For 
n < 6, the scattering angles are plotted in fig.0. When the closest distance goes to zero i.e. 
the zero impact parameter limit, a scattering angle is n/2. As the closest distance or an 
impact parameter becomes large, a scattering angle closes to n (no scattering limit). This 
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n 

Figure 3: The closest distance (n < 30) for ext = 2.0, 2.5, 3.0 (from bottom to top in the 
graph). The curves are the fitting curves in the text. 

figure shows that for a fixed # ex t the closest distance vq seems to be roughly proportional 
to yfn. This is expected from the fact that the (radially symmetric) level n soliton has 
size \fn. In fact, when 6? ext is fixed to be 2.0, we observe that ro(6 ext = 2.0) ~ —0.05 + 
1.52^/n. Similarly, when 6> cxt is fixed to be 2.5 and 3.0, r o (0 ext = 2.5) w 0.81 + 
and 7"o(0 e xt = 3.0) ~ 1.81 + 1.44-y/n respectively. These fittings are drawn in figfj. These 
observations are natural reflection of the width of the soliton, though it is difficult to see 
this from the formula (]S0"D. 

In this letter, we have seen some properties of a general (n, n')-system. We conclude 
that the (n, n') scattering occurs at right angles in the case of the zero impact parameter. 
We have confirmed that the right angle scattering is a universal property of two-body 
scattering of noncommutative solitons. Especially for the (n, l)-system, we have shown 
directly the metric of the relative moduli space goes to a flat one far from the origin. This 
could be generalized to arbitrary (n, n')-systems. Finally we have numerically calculated 
the scattering angle for the (n, l)-system and found the closest distance for a fixed scat- 
tering angle is well approximated by a function a + by/n (a and b are some numerical 
constants). It may exist the similar relation for a (n,n') scattering. 

Note that as n becomes large, the Kahler potential fl54|) for the (n, l)-system diverges, 
since Q(x) — > 0. But even in this case, expanding the potential in terms of \y\ 2 /n, and 
neglecting a coordinate singularity In \y\ 2 , we can get the same formula for the metric as 
eq. (|58"D . The metric tends to be zero everywhere when n goes to infinity. If we rescale 
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y — > \/ny, then we see that in this new coordinate the scattering behavior of this system 
is qualitatively the same as the case of finite n. 

It is interesting to consider corrections to the metric when the noncommutativity 
parameter is large but finite. It is also interesting to explore the multi soliton solutions 
and their properties when gauge degrees of freedom are exist, where the solutions we have 
considered in this letter can be a part of exact solutions even at finite #[|]. These subjects 
are left for future studies. 
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